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Abstract:
In  this  paper  we  constructed  a  minimal  CW  complex  for  the  complement  of  a

supersolvable arrangement induced from the structure of its fundamental group as iterated semi
direct product of finitely generated groups, in order to give a topological interpretation for
vanishing of higher homotopy groups of the complement of a hypersolvable r -arrangement A ,
when we deformed it by Jambu's and Papadima's deformation method  into a one parameter
family of fiber-type arrangements Ctt }A~{ .
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Introduction:
 The  computation  of  the  homotopy  type  of  the  complement  to  a  hypersurface )0(1Q  is

one of the essential problems in the topological study of the polynomial function CCQ : .
We concerned with a polynomial Q  which factors completely into distinct degree one factors.
Then n

i H i
AQQ 1)(  is a defining polynomial of a complex hyperplane arrangements

},,{ 1 nHHA , where CC
iH :  is  a  degree  one  factor  of Q  such that iH H

i
)ker( ,

ni1 . The cohomology ring of the complement AH HCAM \)(  was computed by
Brieskorn [5]. Many authores studied the fundamental group structure of )(AM  as generators
and relations [3] and [18]. Much less is known about the higher homotopy groups.

For a fiber-type (supersolvable Stanley, [20]) arrangement all the higher homotopy groups
of )(AM  are vanished and such arrangements are called )),1)((=( 1 AMK  arrangements [9].
The first computation of non trivial higher homotopy groups of )(AM  of a generic arrangement
was made by Hattori [11]. Papadima and Suciu in [16], generalized Hattori's result to a
hypersolvable arrangement and computed the first non vanishing higher homotopy group of

)(AM . The hypersolvable class of arrangements was intoduced by Jambu and Papadima in
(1998, [12]) and (2002, [13]), as a generalization of the fiber-type (supersolvable) class by using
the collinear relations that encoded in the lattice intersection pattern up to codimension two

3}{=)(L2 A||B|BA . They defined a vertical deformation Ctt }A~{  of a hypersolvable r -
arrangement A  which is not fiber-type such that for each Ct , tA~  is fiber-type, A  and tA~  have
the same 2L  and they have isomorphic fundamental groups. Papadima and Suciu in [16] showed
that the first non vanishing higher homotopy group of )(AM  has dimension;

};),),),~((()),),(((|{=))(( kjsZAMHPsZAMHPksupAMp tjmod

where )),),((( sZAMHP  and )),),~((( sZAMHP t  are  the  Poincaré  polynomials  of  the
cohomological groups )),(( ZAMH  and )),~(( ZAMH t  respectively. Ali in [1], showed a



Al-Ta'ai  & Ali.: A Topological Interpretation for Vanishing of Higher Homotopy Groups of a Hypersolvable…

415

conjecture of ))(( AMp  as }(A)=SNBC{k|p(A)=AMp kkmax))(( of )(AM . Randell in [17]
showed that )(AM  of  any  complex  hyperplane  arrangement  has  homotopy  type  of  a  minimal
(finite  type)  CW-complex,  i.e.  the  number  of  the k -cells is equal to the k th-Betti number

))),((())(( ZAMHrkAMb k
k . We refer the redear to [7], [8], [17], [22] and the references given

there, as a recent work intrested with the minimal CW-complex of )(AM . However, little is
known about the attaching map.

This paper is devoted to introduce a topological interpretation for an essential question;
why, when we deformed a hypersolvable arrangement A  which is not fiber type into a fiber type
arrangement tA~ , all the non-vanishing higher homotopy groups of the complement

)()),(( ApnAMn  are vanished? Motivated by our purpose, we review some basic definitions.
In section one, we introduce the notions of a "hypersolvable partition" of a complex arrangement
A  and a "hypersolvable ordering" on the hyperplans of A . Then we review a brief summary of a
study given in [1] of the notion of "NBC bases" of a hypersolvable arrangement. Section two is
devoted to mirror the properties of the hypersolvable partition on the structure of the
cohomological ring of )(AM  and compute its Betti numbers which are the number of cells of the
(finite type) minimal CW complex of the complement )(AM .  In  section  three,  we  drive
construction (3.1) of a minimal CW complex of a fiber type (supersolvable) arrangement and this
construction was motivated by Switzer [21]. Finally, in section four our main result (theorem
4.2) is ststed and proved.

For the convenience of the reader we repeat the relevant material from [1] and [2] without
proofs, thus making our exposition self contained.

1-A hypersolvable partition and the NBC bases of a hypersolvable arrangement
Let A  be a central r -arrangement of hyperplanes over C . Define the complement

i
n
i

r HCAM 1=\=)(  and )(AL  to be the lattice intersections of the hyperplanes of A  reserves by
inclusion, (i.e. XYYX ) and ranked by )(dim=)( XcoXrk . We refer the reader to [15]
as a best general refrence.

Definition 1.1 [1] A partition ),...,(= 1  of A  is said to be independent if the resulting -
hyperplanes jjH , j1  are independent. Call },...,{=S

1 kii HH  a k -section of  if

for each kj1 ,
jmjiH  for some kmm <<1 1 . Notice that if  is independent,

then all it's k -sections are independent. By )(S Ak  we denote the set of all k -sections of  and
)(S=)(S 1= AA k

k .  We call  nice  if  it  is  independent  and  for  each )(kLX , the induced
partition ),...,(= 1 k

XXX  of }|{= HXAHAX , contains a singleton block, where for
kj1 , Xm

j
X A=  for some m1 .

Definition 1.2 [1] A partition ),...,(= 1  of A  is said to be hypersolvable with length
=)(A  and denoted by Hp, if 1|=| 1  and for fixed j2 , the block j  satisfy the

following properties:
(jth-closed property of ): For jHH 121, , there is no 1jH  such that

2=),,( 21 HHHrk .
(jth-complete property of ): For jHH 21, , there is 11 jH  such that
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2=),,( 21 HHHrk . From )1( j th-closed property of , the hyperplane H  must be unique we
denoted by 1,2H .
(jth-solvable property of ): For jHHH 321 ,, , either 112,31,31,2 ,, jHHH  are
equal or 2=),,( 2,31,31,2 HHHrk .

 For j1 , let |=| jjd . The vector of integers ),...,(= 1 ddd  is called the d -vector
of  and we define the rank of the blocks of  as )(=)(

1
Hrkrk

jHj .  We call j

singular if )(=)( 1jj rkrk  and we call it non singular otherwise. We call a Hp  is
supersolvable if it is independent. Observe that )()( 1 jj rkrk  in general and if 3 , then
every

321
,, iii  are independent.

Theorem 1.1 [2] A  is hypersolvable if it has a hypersolvable partition and A is supersolvable if
it has a supersolvable partition.

Definition 1.3 [1] Let A  be a hypersolvable arrangement with Hp ),...,(= 1 . For
j1 , partitioned j  into two blocks as; put jkiij HH },...,{=

11  such that

2=),...,(
1 kii HHrk  and 12 \= jjj . Define the induced hypersolvable ordering  of A  as:

1. If iH  and jH  such that ji < , put

HH . If iH  and jH  such that ji < , put HH .
2. For j2 , give the hyperplanes of 1j  an

arbitrary ordering such that if jHHH 321 ,,  with 3=),,( 321 HHHrk , put
321 iii HHH  if,

and only if,
3,23,12,1 iiiiii HHH , where },,{=},,{ 321321

HHHHHH iii .

Definition 1.4 [15] A circuit AC  is a minimal dependent subarrangement and for a given
total order  of the hyperplanes of A , }{\= H  is said to be a broken circuit of A , where H
is the smallest hyperplane of  with respect . The subarrangement AB  which contains no
broken circuit is denoted by NBC base of A  and if rkB=k  we denoted it by k -NBC base. By

)(ANBCk  we denoted the set of all k -NBC bases of A  and )
1

(ANBCNBC(A)= k
r

k=
. Where the

set of all k -broken circuits of A  we denoted it by (A)BCk  and (A)BCBC(A)= k
r

k=1
.

Theorem 1.2 [2] Let A  be a hypersolvable r -arrangement with Hp ),...,(= 1 . Then the
following assertions are equivalent:
    1. A  is supersolvable.  2.  is nice.  3. (A)NBC(A)=S .

Definition 1.5 [16] Given two r -arrangements },,{= 11
11 nHHA  and },,{= 22

12 nHHA :
1. We will say 1A  and 2A  have the same lattice

or L -equivalent and denoted by )()( 21 ALAL , if for each nii k<<1 1  and nk1
we have ),,(=),,( 22

1

11

1 kiikii HHrkHHrk .

2. For 12 rk , set
}k|||BA)={B(A iiiik 1L  to be the lattice intersection pattern up to codimension k  of iA
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and 1,2=i . We say 1A  and 2A  are kL -equivalent and denoted by )(A)(A kk 21 LL  if for each
nii j<<1 1  and 1kj  we have ),,(=),,( 22

1

11

1 JiiJii HHrkHHrk .

Notice that, if 1A  and 2A  are L -equivalent, then they are kL -equivalent for 12 rk . But
the converse need not to be true in general.

Theorem 1.3 [1] let 1A  and 2A  be supersolvable r -arrangements. 1A  and 2A  are L -
equivalent if and only if, they are 2L -equivalent.

Corollary 1.1 [2] Let A  be a hypersolvable r -arrangement with Hp ),...,(= 1  such that
<r , i.e. A  is not supersolvable. Define }(A)=NBC{k|p(A)= kk Smax . If 1q=p(A)  and

qSS  such that )(S ANBCq , then S  is a q -broken circuit via a hypersolvable ordering on the
hyperplanes of A . That is, there exists 2)(SS Ap  and S  is a 2))(( Ap -circuit.

Theorem 1.4 [1] Let A  be a hypersolvable r -arrangement with Hp ),...,(= 1  such that

<r  and let Ctt }A{~  be the Jambu's-Papadima's vertical deformation of . Then, via a
hypersolvable ordering on the hyperplanes of A :
1. SNBC(A)  and 22 S(A)=NBC .
3.   Recall  the  definition  of p(A)  in corollary (1.1). Then 12 rp(A)  such  that  for  each

p(A)k2 , kk(A)=SNBC  and (A)BC(A)=NBC p(A)p(A)p(A)p(A) 1111 S\S .

4.  For all {0}\, 21 Ctt ,
1

~
tA  and

2

~
tA  are L -equivalent.

5.   For  all {0}\Ct , A  and tA~  are p(A)L -equivalent and Jambu's-Papadima's deformation
destroyed all the dependent sections among any )(p(A) 2 -different blocks of  and
replaced it by independent sections which adds a new NBC bases of (t)A~ .

6.  If 3=r , then 2p(A)= .

2 The hypersolvable partition complex, the Orlik-Solomon algebra and the cohomological
rings of a hypersolvable arrangement

The Orlik-Solomon algebra. ([14] and [15]) For any commutative ring K  and an arbitrary total
order  of A , defined the Orlik-Solomon algebra (A)KA  to be the quotient of the exterior K -

algebra )(= 0
HH

j
K KeE A , (see [10]), by a homogeneous ideal )(I  generated by the

relations k
j

ki
H

jiHiH
j eee1

1

1 ...ˆ...1)( , for all nii k<...<1 1  such that jHHrk
kii <),...,(

1
. The

differentiation KKE EE:  is defined on KE  as; 0=)( }{
0 eE , 1=)(1

HE e  and for nk2 ;

ki
H

jiHiH
jk

jS
k
E eeee ...ˆ...1)(=)(

1

1
1= ;

 for each AHHS
kii },...,{=

1
. Notice that, (A)(A): KKA AA  which is defined by

E=A  inherits to )),(A( AAK  a  structure  of  an  a  cyclic  chain  complex,  where
)(A: AE KK  is the canonical projection.

The partition complex [15] Let ),...,(= 1  be  a  partition  of A . A graded partition K -
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module is defined to be KKK )(...)(=)( 1 , where for k1 , Kk )(  is the free K -
module with basis 1 and the elements of k . For each kS S , define KS xxq )(...= 1

such that;

.1,if1
;1,=if

=
klmj
klmjH

x
l

lji
j

Observe that 1={}q  and Sq  is homogeneous of degree k . Denoted by k
K)(  the k -

homogeneous part of K)( , then

).(=)(=)( S
S1=1=

Kq
kk

k
K

k
K

S

Therefore, the graded K -module K)(  has a basis is }S|{ S Sq .

Theorem 2.1 [15] Let },...,{= 1 nHHA  be a complex r -arrangement and let )(A AZ  be its Orlik-

Solomon algebra over the integer ring Z . The map HHa )12/1(  induces an
isomorphism )),(()(A: ZAMHA of graded Z -algebras, where HHH d /  is the
deferential 1-form for AH and )ker(H .

Theorem 2.2 [19] (Universal Coefficients Theorem for Cohomology) For any commutative ring
K and for 0k , )),),((()),(()),(( 1 KZAMHTorZAMHKAMH kkk , where

)1,ker()),),((( 11
K

kk iKZAMHTor  and the short exact sequence;

0)),((0 11

1

1 ZAMHF
i

R kk

k

k ;
forms a free presentation of )),((1 ZAMH k as generators 1kF and relations 1kR .

Definition 2.1 [15] We  call  the r -arrangements 1A  and 2A , A -equivalent if they have
isomorphic Orlik-Solomon algebras.

Corollary 2.1 Any 2L -equivalent supersolvable r -arrangements are A -equivalent and have
isomorphic cohomological groups.
Proof: It is a dirct result to theorems (1.2) and (2.1). 
Definition 2.2 Let A  be a hypersolvable r -arrangement  with  Hp ),...,(= 1 . Define

KK A)(A:  as follows; for NBC(A)S , let SS =)( qa  and from the universal property
of the free module )(A AK , let  be the unique homogeneous K -linear map of degree 0  which
extend this assignment. Definitely  is a monomorphism since S)(NBC .

Theorem 2.3 [12] and [13] Jambu's-Papadima's deformation theorem  Let A  be  a
hypersolvable r -arrangement such that <r , i.e. A  is  not  supersolvable.  Then  there  is  a
vertical deformation Ctt }A{~  of A  in CCC sr = , where rs =  is the number of the sigular

blocks of , such that for each Ct , tA~ is supersolvable, A and tA~ are 2L -equivalent and they
have isomorphic fundamental groups.

Theorem 2.4 Let A  be a hypersolvable r -arrangement with Hp ),...,(= 1 . Then:
1. The partition complex ),)(( K  is acyclic,
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where KK:  is a differentiation defined on K)((  as 0=)( }{
0 q , 1=)(1

Hq
and for k2 ,

j
jk

j
k qq S

1
1=S 1)(=)( , where jS  denote the subarrangement of kSS

with the thj -hyperplane of S  deleted.
2. A  is supersolvable if, and only if,

KK A )()(A .
3. A  is supersolvable if, and only if,

ZZAMH )()),(( .
4. If <r  and CttA }~{  be the Jambu's-Papadima's

vertical deformation of , then CttA }~{  is a family of A -equivalent supersolvable

arrangements, i.e. for all {0}\, 21 Ctt , KtKtK AA )()~(A)~(A
21

. Thus,

Ztt ZAMHZAMH )()),~(()),~((
21

.
Proof:
For 1. From the construction of the Hp , the first block 1  is a singleton. Hence the complex

),)(( K  is acyclic by lemma (3.86) of [15].
For 2 and 3. It is an application of theorem (1.2) and theorem (3.87) of [15] .
For 3. It is a direct result of theorem (1.3), since

1

~
tA  and

2

~
tA  are 2L -equivalent. 

Theorem 2.5 Let A  be a hypersolvable r -arrangement with Hp ),...,(= 1  such that
<r . Then the cohomological Z -ring )),(())(( ZAMHAMH  and the Orlik-Solomon

algebra )(A AZ  can be embedded as free Z -submodules of Z)(  as follows;
    1.  for )(0 Apk , k

Z
k
Z

k AZAMH )()(A)),(( , and
    2.  for rkAp 1)( , k

Z
k
Z

k AZAMH )()(A)),(( , where
;)(=)( S

S

k
Z

k

k
Z Kq

NBC

is the free Z -submodule of k
Z)(  with basis )}(S|{ S ANBCq k . The following commutative

diagram (2.1) explains that, where )(A~)),((:)( Z
1 AZAMH be the inverse of the

isomorphism )),(()(A: ZAMHAZ  of graded Z -algebras given in theorem (2.1).

00

0)(A)(A)(A)(A0

)()()()(
0))(())(())(())((0

0
0

1)(
)(

1)(
1)(

2)(1

0)(1)(

0
A0

1
A

)(
A)(

1)(
A1)(

2)(
AA

1
A

01-)(1-1)(1-1-

0
0

1)(
)(

1)(
1)(

2)(1

Z

Ap
Ap

Z

Ap
Ap

Z

Apr
r
Z

r

ppr
Z

Ap
Ap

Z

Ap
Ap

Z

Apr
r
Z

r

ApApr

H
Ap

HAp
Ap

HAp
Ap

H
r
Hr

r
H

AAAA

AMHAMHAMHAMH
H

AA

;

Diagram (2.1)
Proof: It is a dirct result to our work in [2] and theorem (2.1). 

Corollary 2.2 Suppose we have the conclusions of theorem (2.5). Then Jambu's-Papadima's
deformation, deformed the cohomological Z -ring )),(())(( ZAMHAMH  and  the  Orlik-
Solomon algebra )(A AZ  as follows;
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1. for )(0 Apk , )(A)),(( AZAMH k
Z

k  is
invariant under the deformation;

2. for rkAp 1)( , )(A)),~(( AZAMH k
Zt

k

deformed into k
Zt

k
Zt

k AZAMH )()~(A)),~(( ;
3. for kr 1 , Jambu's-Papadima's

deformation added exactly;

;
1

11=

1

1=1
kii

kiki

k

i
dd

k -NBC bases to obtain k
Zt

k
Zt

k AZAMH )()~(A)),~(( .
Proof: It is a direct result of the theorems (1.4), (2.1), (2.4) and (2.5). 

3 Minimal cell decomposition of a supersolvable arrangement

Definition 3.1 [16] Let X  be a topological space with the following properties:
1. X is homotopy equivalent to a connected,

finite type CW complex;
2. The homology groups )(XH  are torsion free;

3. The cup product )()(: 1 XHXH  is
surjective, and;

let p  be a non negative integer. The space X  is said to be p -minimal if X  has the homotopy
type of a CW complex K such that the number of k -cells in K is ))(()( XHrkXb k

k , for all
pk . We call X minimal if it is p -minimal, for all p .

Definition 3.2 [6] Assume each of GG ,,1  be a group, and for ji1 , )(: ji
i
j GAutG

satisfying the compatibility conditions, ),()())(()( 1)(
i

i
kj

j
ki

i
k

g
j

j
k gggg i

i
k  for kji .  Then,  we

define the iterated semi direct product of GG ,,1  with respect to the actions i
j  to be the

group 121 231
GGGGG , where for each k1 , the partial iteration

1k
k

k GGG
k

 is defined by the homomorphism )(: 1
k

k
k GAutG  with a restriction to kG ,

)(:)( kp
p
kGk GAutG

p
, kp1 .

Definition 3.3 [15] and [22] Let A  be a complex central essential r -arrangement with
complement rCAM )( . Define a stratification  of rC (see [4]), as follows: For each

)(ALX ;
1. determine the arrangement

XXHAAHXHA X
X }and\;{ , where AHXAHAX };{ , and

2. dfine XM to be the complement of XA in X .
Notice that the family )( ALX

XM  forms a stratification of rC with top dimensional stratum
)(AM  and each strata is a convex relatively open sets of X . On the other hand, deduce that

)()( XXX MMXMcl  splits  into  a  disjoint  union,  where  the  boundary  set  of XM is

XAAH
X XHM \ )()( .
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Construction 3.1 Let A  be a supersolvable -arrangement. Without loss of generality, assume
that A  is  essential  (see  [12]).   Then A  has a maximal chain of modular elements say

}0{0 XXC , which induces a supersolvable composition series
AAAH XX1

}{ . We derived our supersolvable nice (completely factored) partition
),...,(= 1 , as follows;

1.
11 XA ; and

2. for k2 ,
1

\
kk XXk AA .

On the other hand, A  is fiber type arrangement and the supersolvable composition series above
induces a tower of fibrations;

}0/{)()()()()()(
1

1

2

22

1

1
CHMAMAMAMAMAM X

p

X

pp

X

p

X ;

with fiber kF  of kp  homeomorphic to C  with kd  points removed and the fundamental group of
the complement ))((1 AM  admits a fashion of iterated semi direct product of finitely
generated groups

122311 dddd FFFF , where kdkd kk
ggF ,,1 ,,  is  free  on qd

generators, i.e. for kdi1 , the generator kig , related to a k th hyperplane of the block k via a
topological order induced from the following structure of the fundamental group. It follows
readily that the group  has a presentation;

kpgggg
k

di
g pjkipjki

pj
k

k
ki ,)(

1
1

, ,,
1
,,

,
,  … (3.1)

where each )()( ,
,

kdpjk
pj

k FAutg .
Now, reordered the hyperplanes of A  by an order induced the actions given by (3.1). It is clear
that the ordering which induced from the structure of the fundamental group is compatible with
our difinition of  hypersolvable ordering and the fact that every 2-section of is a 2-NBC base
of A . Express the structure of the supersolvable partition above in the structure of the
cohomological groups as, ZZAMH )()),(( . We will construct a (finite type) minimal

)1,(K  CW-complex  structure  of )(AM  that  given in ([21], 6.44 p. 95) induced from the
presentation (3.1) above:
1. Partitioned C  by the stratification defined in

definition (3.3);
2. Choose any point in )(AM , say 0e  and put

00)( eAM  to be the 0th-skeleton of )(AM .

3. Take 11
11

1 ))(
,( SSAM AHg

d

ik ki

k  to  be

the 1st- skeleton of )(AM . Geometricly, for each AH , the stratum HM contains no point
from any other hyperplane AH , i.e. HM H . On the other side of )(AM , we have
a 1-cell 1

He  and an attaching mapping 011 : eeHH , attached the boundaries of 1
He  with

0e ,  i.e.  we  start  in 0e ,  go  around HM  and return into 0e  by 1
He . Thus;

0),)(()),(( 01
0

0
0 eAMeAM , since )(AM is path connected space.

4. For the relations r  of the presentation (3.1);

0)),((
1
1

:))((1:0 0
1,2 eAM

k
di

gAMbr k
ki ;

 we will choose maps ),)((),(: 01
0

12 eAMsS  representing )(r  and attach  2-cells 2
re
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by the maps 2 . Then;
))((

1

21
))((

1

212 2

2

2

2

)()()(
AMbAMb

SAMeAMAM  and;

)),((),)(( 0
1

02
1 eAMeAM . Thus, 2))((

1
12 2)(/)( SAMAM AMb , see [21].

5. We  will  attach  higher  cells  to  kill  off  the
higher homotopy group by induction as follows:
For 12 k Choose a set of generatores ))((

1
1 AMbk kg for ),)(( 0eAM k

k and maps
),)((),(: 0

0
1 eAMsS kkk  representing kg . Attach )1(k -cells 1ke  by  means  of k  ,

))((1 1 AMbk , and let ;
))((

1

1
))((

1

11 11
)()()(

AMb
kk

AMb
kkk k

k

k

k

SAMeAMAM .

 Let )),(,)((),,(: 01
0

11 eSAMsSDf kkkkkk  be the characteristic map of 1ke . Then in
the exact homotopy sequence;

0),)((),)((),)(,)(( 01001
1 eAMeAM

d
eAMAM k

k
k

k
kk

k ;
we have d  is an epimorphism. Therefore, 0),)(( 01 eAM k

k  and;
),)((),)(( 001 eAMeAM k

r
k

r , for kr0 .

We take
0

)(
k

kXAM  with the weak topology and

10
1),)((

),)(()),((
02

1010

r
reAM

eAMeAM r
rr .

We will introduce a topological interpretation to our question; "Why the structure of the
completely factored partition  that preserve the fundamental group structure, induced the
number of the attached cells in each skeleton?" as follows:

For 12 k , the inclusion map )()(: AMAMi k  of   the k th-skeleton induces an
epimorphism )),((),)((: 00 eAMeAMi k

k
k , i.e. ),)(( 0eAM k

k  and )),(( 0eAMk  have the

same generators ))((
1
1 AMbk kg . We have the following exact sequnce;

0)),((),)((),)((),)(,)(( 11
1

o
k

ok
k

i
ok

k

d
okk

k eAMeAMeAMeAMAM .
 Thus, d  is an epimorphism, since ),)(()ker()Im( ok

k eAMid .  It  is  known  that
),)(,)(( 01

1 eAMAM kk
k  is free abelian group generated by the elements ].[ 1kf , where

)),(,)((),,(: 01
0

1 eSAMsSDf k k k k k k  be  the  characteristic  map  of  the  ( 1k )-cell 1ke , for
))((1 1 AMbk  and )),((),)(( 0

1
0

1 eAMeAM k  and  that  caused  by  the  actions  of  the
first fundamental groups on the higher homotopy groups which has a fashion as Z -module,
where Z  is the group ring of )),(( 0

1 eAM . On the other hand, )Im()ker( di  is
),)(( 0eAM k

k  generated by the elements ].[ 1k , where )),((),(: 01
0

1 eSsS  k k k k  be the
attaching map of the ( 1k )-cell 1 ke  to  kill  off  a k -hole by means of 1k , for

1111=1=1
1 ))((1

kii
kiki

k

i
k ddAMb and )),((),)(( 0

1
0

1 eAMeAM k . Therefore; the k th-higher

homotopy group has the following presentation:
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)),((
))((1

].[|))((1;

)ker(\),)((),)(()),((

0
1

11
1

010

eAM
AMb

AMbg

ieAMeAMeAM

kk
k

k

k
k

ok
kk

.

Recall theorem (4.4), we mirror the properties of in the structure of the cohomological group
of the complement as a partition Z -module given in section four as;

k
ZkZkkZ

k

k
ZFHZAMH )()()(),()),((

111
;

where the cup product )),(()),((: 1 ZAMHZAMH  is  surjective.  For 12 k , the
)1(k -cells 1ke is related to a generator of )),((1 ZAMH k , which is by above assertion, is

related to a )1(k -section of  and it is a NBC base of A  via the fundemantal group structure.
Thus, for )(ALX , the subarrangement XA  of A has NBC bases via the fundemantal group
ordering. Of the complement, the stratum XM  forms our holes and the number of the generaters
and related relations there to kill off the higher holes with keep in mind one dimensional holes, is
equal to the number of sections of  there.

Remark 3.1 We emphasize that Switzer in [21] showed that, for any topological space X , one
can construct a CW complex X  (as showed in construction (3.1)) and a weak homotopy
equivalence XXf :  and this construction  is unique up to homotopy and Whitehead proved
that, if XXf : is a weak homotopy equivalence between CW complexes, then X and X of
the same homotopy type.

Example 3.1 Let A  be a central -arrangement of hyperplanes of C . Randell in [18], choosed
a 3-dimensional linear subspace U  of C such that it  is  in general  position with respect to the
variety )( AH H  in the sense that if, pHH

riiC )(dim
1

, then
pHHU

riiC 3)(dim
1

. Let )(AN  be the quotient space of )(AM  by the Hopf  action

of }0{\CC . We will obtain a curve 2/)( CPCHUD AH . By applying Zariski
theorem, Randell showed that )())(( 2

11 DCPAN . The curve D consists of A -projective
lines AHHD }{ , not necessarily in general position. For each HD , we introduce a generator Hg ,

AH . For each point jp , kj1 , of intersection of
tii DD ,,

1
lines, we introduce the torus

link relations of type (t,t) ;
}{

11121 tttt iiiiiiiiX ggggggggR .

Then )(,,;))(( 211 ALXRggAHgAN XnH , with respect an order defined on the
hyperplanes induced from the Randell construction. Then, he gives the fundamental group of
complement by the following exact sequence;

0))(())(()(0 111 ANAMZC .
Suppose A  be a complex central essential 3 -arrangement. Then the decone dA over A is an
arrangement in 2CP and each hyperplane AH , forms a line HD of 2CP . On the other hand,
each )(2 ALX  deconed into a point XpdX  of 2CP and it represents an intersection point of

tii HH DD ,,
1

, where },,{
1 tiiX HHA . Recall the stratification given in def. (3.3). Each 2-

relation pjkipjki
pj

k gggg ,,
1
,,

, )(  given in presentation (3.1), related to a 2-section },{ ,, kipj HH

for some kp1 , pdj1 and kdi1 . We are now in location },{ ,, kipj HHM and there
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are two possible type of a flat )(2 ALX  with Xpjki AHH ,, ,  induced from . So, to compute
the actions we will used Randell presentation [18], as follows:
1. I

f )(},{ ,, ALHHX kipj . Then,
X

kipj
AH

HH HM },{ ,,  and the action kiki
pj

k gg ,,
, )(  is

trivial and the relation will be a usual commutator relation, i.e.
0,,

1
,

1
,,,,

1
, pjkipjkikipjkipj gggggggg , i.e. we have a torus relation as the following figure:

Figure (3.1)
For example, if xyzAQ )( , be the defining polynomial of the Boolean arrangement A , then
A  is supersolvable with supersolvable partition has exponent vector )1,1,1(d  and the
fundamental group of A  is 3Z ;

23
1

23

13
1

13

12
1

12

321
0

1 |,,)),((
gggg
gggg
gggg

gggeAM .

Then, it has second skeleton as;

Figure (3.1)
Then we will attach one three dimensional cell to kill off the second higher homotopy group
as showed in construction (3.1).

2. If )(},,,{ ,,, 1
ALHHHX klklpj t

,

kt dll21  via the fundamental group ordering such that klki s
HH ,,  for some

ts2  and we have the following relation:

Figure (3.2)
For example, if 3t , we have the following relations and attaching mapping via those
relations;
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    Figure (3.3.a)                                   Figure (3.3.b)

     Figure (3.3.c)
The CW complex that given in fig.  (3.3.c) is  agreement with the minimal CW complex for the
complexified arrangement A  of 2C  with defining polynomial )()( yxxyAQ , which is of the
same homotopy type of 111 )( SSS .
That is, we can used Randell presentation to construct the second skeleton, then we will attach
higher cells to kill off the higher homotopy group as showed in construction (3.1).

4 A topological interpretation for vanishing of higher homotopy groups of a hypersolvable
arrangements

In the remainder of this section we assume A  to be a hypersolvable r -arrangement with
Hp ),...,(= 1  and exponent vector is ),...,(= 1 ddd , such that <r , i.e. A  is  not
supersolvable.  For each AH , Jambu and Papadima identified the defining plynomial

CCr
H : , r

H
r

H
rH xxxx 111 ),,( ,  as  a  point 1*

1 ),,( rH
r

H
H CP in the

projective dual space 1*rCP  and  they  embeded  it  in 1*CP  by the trivial lift
1*

1 )0,,0,,,(ˆ CPH
r

H
H . Thus they defined an -arrangement Â , such that AH ˆˆ  has

defining polynomial CCH :ˆ  as, xxxxxx rr
H
r

H
H 00),,(ˆ 1111 . Let

1*~~

11~ ),,,,,( CPtt
t

H
s

HH
r

H
H represents the point in 1*CP  related  to  the  deformed

hyperplane tAH ~~  by Jambu's Papadima's deformation method. It is known, )(AM  is a finite
type CW complex. For a given cell complex K  on )(AM , the space;

s

s

AMAM 0)(})0,,0({)(
 times

;

include a structuer of finite type CW complex induced from }{ 0eK .

Proposition 4.1 [1]
i. HHH s ~0  is  a  strong  deformation

retract of Ĥ .
ii.

AH t
s

AHAH HHH ~0)( is a strong

deformation retract of AH Ĥ .

iii.
XXX AH t

s
AHAH HHH ~0)( is a strong

deformation retract of
XAH Ĥ , for all )(ALX . That is we can embed the lattice
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intersection )(AL  in )~( tAL .
iv. )~(0)()( t

s AMAMAM  is a strong
deformation retract of )ˆ(AM .

Remark 4.1 Thus, ))(),~(( AMAM t  is a topological pair. Hence from ([21], p. 38) the relative
homotopy groups )),(),~(( xAMAM tn , 0n  and ( sAMx 0)( ) fit into the following long exact
sequence:

)),~(()),(()),(),~(()),~(()),(( 01 xAMxAMxAMAMxAMxAM tntn

j

tn

i

n ;
which is called the exact homotopy sequence of the pair ))(),~(( AMAM t . Since )~( tAM  is path
connected, we have 0))~((0 tAM  is the trivial group, 0))~(( tn AM  for all 2n ,

122311
))~((1 ddddt FFFFAM  and ))(())~(( 11 AMAM t . Then the long exact

sequence above becomes:

0)),(),~(()),~((~)),(()),(),~((0

0)),(()),(),~((0)),((

1112

1

xAMAMxAMxAMxAMAM

xAMxAMAMxAM

t

j

tt

j

i

ntn

ji

n

Proposition 4.2 [1] The topological pair ))(),~(( AMAM t  is 2 -connected and for all 2n ,
))(())(),~(( 1 AMAMAM ntn . Therefore, ))(),~(( AMAM t  is n -connected if, and only if, ))(( AMm

vanishes for all nm2 .

Theorem 4.1 [1] Let A  be a hypersolvable r -arrangement with Hp ),...,(= 1  such that

<r  and let Ctt }A{~  be the Jambu's-Papadima's vertical deformation of A . Then:
1.  For rk1 , the number of k -cells is;

kii
kiki

k

i

k
k

k ddZAMHrkAMbAM
1

11=

1

1=1

))),((())(()( .

2. For rp(A)k2 , the number of k -cells is;

kii
kiki

k

i

k
k

k ddZAMHrkAMbAM
1

11=

1

1=1

))),((())(()( .

3. the number of 1)(Ap -cells is;

(A)BC(A)SddZAMHrkAMbAM p(A)p(A)Apii
kiki

Ap

i

Ap
Ap

Ap
111)(1

11=

)(

1=1

1)(
1)(

1)( ))),((())(()(

4.  For rkp(A) 2 , the number of k -cells is;

)())),((())(()(
1

11=

1

1=1

ASddZAMHrkAMbAM kkii
kiki

k

i

k
k

k ;

where )(ASk  forms the set of all k -sections that is not k -NBC bases.

That is the number of the ( 1p(A) )- cells not enough to kill off all the;

(
1)(1

11=

)(

1=1
Apii

kiki

Ap

i
dd ), p(A)-holes.
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Theorem 4.2 )()()~(
1)( )(

)(

Apj ASB

j
B

Ap

j

SAMAM  via attaching maps.

That is the deformation method deforms the complement )(AM  to )~(AM  by attaching;

(A)BC(A)S p(A)p(A) 11 )1( p(A) -cells and (
kii

kiki

k

i
dd

1
11=

1

1=1

) k -cells;

for each kAp 2)( , these cells arises from destroying all sections of length greater than
)(Ap  of  which  is  not  NBC  base  of A , to kill off all the non-vanishing higher homotopy

groups )()),(( ApkAMk .

Proof: Papadima and Suciu proved that )(AM  and )~( tAM  have the same p(A)th-skeletons and
they have isomorphic k th-higher homotopy groups 0))~(())(( tkk AMAM , for

rp(A)k2 . Thus 0))(())(),~(( 1)()( AMAMAM AptAp .
Recall construction (3.1) as a (finite type) minimal CW complex of )~( tAM  and choose )(0 AMeA

as the 0th-cell of )~( tAM . Since )(AM  and )~( tAM  have  the  same p(A)th-skeletons, let
k

t
k

k AMAMi )~()(:  and kk
tk AMAMr )()~(: be the cellular homotopy equivalences. Thus, the

induced homomorphism ),)((),)~((: 00
A

k
kA

k
tkk eAMeAMr  form an isomorphism. First

introduce the construction (3.1), as our construction of the k th-skeleton of )(AM ,
)(0 Apk . Now we will attach higher cells to kill off the higher homotopy group by induction

as follows:
For p(A)k : Since )(AM  and )~( tAM  have  the  same p(A)th-skeletons. Hence, the induced

homomorphism ),)((),)~((: 0)(
)(

0)(
)()( A

Ap
ApA

Ap
tApAp eAMeAMr  form an isomorphism. So, we

can embed the set of generatores ))~((
1

)( 1)( tAp AMbApg for ),)~(( 0)(
)( A

Ap
tAp eAM  and the maps

),)~((),(: 0)(
0

)(1)( eAMsS Ap
t

ApAp  representing )( Apg  of ),)(( 0)(
)( A

Ap
Ap eAM  by meaning of

)( )(
)(

Ap
Ap gr  and;

),)((),(: 0)(
0

)(1)(
)( eAMsSr ApApAp

Ap ,
1)(1

11=

)(

=11

1
Apii

kiki

Ap

i
dd .

 We have the following exact sequence;

),)~((

0)),((),)((),)(,)((

0)(
)(

1

0
)(

'
0)(

)(
0)(1)(

1)(

A
Ap

tAp

AAp

i

A
Ap

Ap

d

A
ApAp

Ap

eAM

rii

eAMeAMeAMAM

where the inclusion 'i  is an epimorphism, i.e. ),)(( 0)(
)( A

Ap
Ap eAM  and )),(( 0

)( AAp eAM  have

the same generators ))~((

1
)(

)(
1)()( tAp AMbAp

Ap gr . And )Im()'ker( di  is  a  subgroup  of

),)(( 0)(
)( A

Ap
Ap eAM  generated by the elements ].[ 1)(Ap , where

)),((),(: 01
0

1 eSsS  p(A) p(A) p(A) p(A)  be the attaching map of the ( 1p(A) )-cell )( 1 p(A)er  to

kill  off  a p(A)-hole  by  means  of 1)(Apr , for
1)(1

11=

)(

1=1
1)( ))((1

Apii
kiki

Ap

i
Ap ddAMb  and

)),((),)(( 0
1

0
1 eAMeAM m . The group ),)(,)(( 0)(1)(

1)( eAMAM ApAp
Ap  is free abelian group

generated by the elements ].[ 1)(Apf , where;
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)),(,)((),,(: 01
0

11 eSAMsSDf  p(A) p(A) p(A) p(A) p(A) p(A) ;
  be the characteristic map of the ( 1p(A) )-cell for ))((1 1)( AMb Ap  and )),(( 0

1 eAM .

It is clear that ),)(()'ker( 0)(
)( A

Ap
Ap eAMi , since 0)),(( 0

)( AAp eAM . Now, assume that
)( )(

)(
Ap

Ap gr  be the generators of ),)(( 0)(
)( A

Ap
Ap eAM  which is not a member of )'ker(i , (i.e. it is

not killed off), and the number of such  generators is (A)BC(A)Sq p(A)p(A) 11 , the number of
all ( 1p(A) )-sections that is not NBC bases via the fundamental group order.
Let us retern into ),)~(( 0)(

)( A
Ap

tAp eAM  by the homotopy equivalence,

),)~((),)((: 0)(
)(

0)(
)()( A

Ap
tApA

Ap
ApAp eAMeAMi , the set of generatores qApg

1
)( generates a

subgroup of ),)~(( 0)(
)( A

Ap
tAp eAM . Recall the construction (3.1), via Jambu's and Papadima's

deformation mathod, we will attach )1)(( Ap -cells 1)( Ape  by means of )( Ap , q1 , to kill
off  all  the )1)(( Ap -holes to make the first non-vanishing higher homotopy group

)),(),~(()),((),)(( 0
1)(

0
)(

01)(
)( AApAApA

Ap
Ap eAMAMeAMeAM  vanished, since

0)),~((),)~(( 0
)(

01)(
)( AtApA

Ap
tAp eAMeAM . Thus;

q
ApAp

q
ApAp

q
Ap

qAMb
ApAp

AMb
ApAp

t
Ap

t

Ap

Ap

Ap

tAp

Ap

tAp

Ap

SAM

erAM

ererAM

eAMAM

)(

)(

)(

1)(

)(

1)(

)(

1

1)(1)(

1

1)(1)(

1

1)(
))~((

1

1)()(

))~((

1

1)()(1)(

)(

)()(

)()()(

)~()~(

and
)(20

1)),((
),)~(()),~((

0
101)(0

Apr
reAM

eAMeAM Ap
trtr .

For 12 kp(A) : As in construction (3.1), we will kill off all the higher holes by the same
mathod and we get;



Al-Ta'ai  & Ali.: A Topological Interpretation for Vanishing of Higher Homotopy Groups of a Hypersolvable…

429

k

Apj

AMb
Ap

q
ApAp

k

Apj

AMb
Ap

q
ApAp

k

Apj

AMb
Ap

q
Ap

qAMb
ApAp

AMb
kk

t
k

t

tk

kk

tk

kk

tk

kk

tAp

k

tk

k

SSAM

eerAM

eererAM

eAMAM

2)(

))~((

1

1)(

1

1)(1)(

2)(

))~((

1

1)(

1

1)(1)(

2)(

))~((

1

1)(

1

1)(
))~((

1

1)()(

))~((

1

11

1

1

11)(

1

)(

)()(

)()()((

)~()~(

and
kr

reAM
eAMeAM k

trtr 20
1)),((

),)~(()),~((
0

1010 .  It follows immediately that;

10
1),)((

),)~(()),~((
02

1010

r
reAM

eAMeAM r
rr .     

Example 4.1 Let A be a hypersolvable 3-arrangement with defining with defining polynomial;
)()2)(3())(()( zyyzyzyzzxyzxyAQ ;

 Hp }),,,{},{},{},({),,,( 76543214321 HHHHHHH  with the exponent vector
)4,1,1,1(d , and the Poincaré polynomial;

232 )31)(1(91571),( ssssssAP .
The supersolvable deformed 4-arrangement tA~  of A, has Poincaré polynomial;

432 4131571),~( sssssAP t .
Let dA  be the deconing 2-arrangement in 2CP  with defining polynomial

)1()2)(3()1)(1()( yyyyxyxydAQ .
Let us first Partitioned 3C  by the stratification defined in definition (3.3). To simplify

notation we write i instead of iH , for 71 i , and we write j instead of jX , for 198 j , as
shown in the following figure:

    Figure (4.1)
Therefore, we will intersect each stratum XM  with the unit sphere 5S  in 63 RC , to induced
the stratum dXM  of 2CP and  the following configuration embedded the intersection lattice
above (fig. (4.1)), in 2CP :
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Figure (4.2)
From theorem (1.4), 2)(Ap  and ))((2 AM  will be the first non vanishing higher homotopy
group. Therefore, we will construct the second skeleton 2)(AM  of )(AM by applying
construction (3.1), as shown in theorem (4.2):
1. Choose any point in )(AM , say 0e  and put

00)( eAM  to be the 0th-skeleton of )(AM .
2. Take 17

1
1)( kk SAM  to be the 1st- skeleton of

)(AM . Thus;
0),)(()),(( 01

0
0

0 eAMeAM ;
 since )(AM  is path connected space.

3. For the relations r  of the presentation (3.1);

ZjRgggg

kp
dj

gggg
k

di
geAM

j

p
pjkipjki

pj
k

k
ki

198,,,,

1
,)(

41
1

,)),((

7171

,,
1
,,

,
,

0
1

0)),((
41

1
:151:0 0

1, eAM
k

di
gr k

ki ;

 we will choose maps ),)((),(: 01
0

12 eAMsS  representing )(r  and attach  2-cells 2
re

by the maps 2 . Then;
15

1

217
1

15

1

212

22

))()( ( SSeAMAM kk  and;

)),((),)(( 0
1

02
1 eAMeAM . Thus, 215

1
12 )(/)( SAMAM . The important point to note

here is for the ordering on the hyperplanes can be deduced from [3]. Then we have eleven 2-
strata jM  associated to 188 j , with trivial action pkipki gggg ,

1
,  ,  for 41 k  ,

2,1p , kp  and kdi1 , as follows:

Figure (4.3)
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Figure (4.4)
Where, for 19j ,  we  have  four  relations  as  given  in  fig.  (3.2),  for 4k , 3p  and

74 i .
We will attach higher cells of dimension 3 to kill off the first non vanishing higher homotopy
group )),(( 0

2 eAM  via Jambu's and Papadima's deformation method as follows:
For each Ct , )(AM  and )~( tAM  have the same second skeletons. Let

k
t

k
k AMAMi )~()(:  and kk

tk AMAMr )()~(: be the cellular homotopy equivalences, for
20 k . Thus, the induced homomorphism ),)((),)~((: 02

2
02

22 AAt eAMeAMr  form an

isomorphism. So, we can embed the set of generatores 13
1

2g  for ),)~(( 02
2 At eAM  and the maps

),)~((),(: 02
0

23 eAMsS t  representing 2g  of ),)(( 02
2 AeAM  by  meaning  of )( 2

2 gr  and
),)((),(: 02

0
23

2 eAMsSr , 131 . We have the following exact sequence;

),)~((

0)),((),)((),)(,)((

02
2

2
1

0
2

'
02

2
023

3

At

A

i

A

d

A

eAM

rii
eAMeAMeAMAM

Let )( 2
2 gr  be the generators of ),)(( 02

2 AeAM  which  are  not  members  of )'ker(i and the
number  of  such   generators  is  4,  the  number  of  all  3-sections  that  is  not  NBC  bases  via  the
hypersolvable order.
When we retern to 3)~( tAM  by the homotopy equivalence i, the set of generatores 4

1
2g

generates a subgroup of ),)~(( 02
2 At eAM .  By  the  use  of  Jambu's  and  Papadima's  deformation

mathod, we will attach 3-cells )( 2
2 er  by means of 2 , 41 , to kill off all the 2-holes and

make the first non-vanishing higher homotopy group;
)),(),~(()),((),)(( 0

3
0

2
03

2 AAA eAMAMeAMeAM ;
 vanished, since 0)),~((),)~(( 0

2
03

2 AtAt eAMeAM . Thus;

4

1

3
9

1

32

13

1

323

)()()(

)~()~(

2

2

m

ererAM

eAMAM tt
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q
SAM

erAM

2

2

1

33

4

1

33

)(

)()(

and
2,00

1)),((
),)~(()),~((

0
1030

r
reAM

eAMeAM trtr .

As in construction (3.1), we will kill off all the 4th dimensional holes by the same mathod and we
get;

4

1

4
4

1

33

4

1

4
4

1

33

4

1

434

32

32

3

)()(

)()(

)~()~(

SerAM

eerAM

eAMAM tt

and
10
1)),((

),)~(()),~((
0

1040

r
reAM

eAMeAM trtr .
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